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The ratio of the squares of the electric and magnetic proton form factors is shown to be propor-
tional to the ratio of the cross sections for the elastic scattering of an unpolarized electron on a
partially polarized proton with and without proton spin flip. The initial proton at rest should be
polarized along the direction of the motion of the final proton. Similar results are valid for both
radiative ep scattering and the photoproduction of pairs on a proton in the Bethe–Heitler kinemat-
ics. When the initial proton is fully polarized in the direction of the motion of the final proton, the
cross section for the ep → ep process, as well as for the ep → epγ and γp → ee¯p processes, without
(with) proton spin flip is expressed only in terms of the square of the electric (magnetic) proton
form factor. Such an experiment on the measurement of the cross sections without and with proton
spin flip would make it possible to acquire new independent data on the behavior of G2E(Q
2) and
G2M (Q
2), which are necessary for resolving the contradictions appearing after the experiment of the
JLab collaboration on the measurement of the proton form factors with the method of polarization
transfer from the initial electron to the final proton.
PACS numbers: 13.40.Gp, 13.60.-r, 25.40.Ep
Introduction
The investigation of the proton electromagnetic form factors, which are very important characteristics of this
fundamental object, provides a deeper insight into the structure of the proton and the properties of the interaction
between the constituent quarks.
Since the mid-1950s [1, 2], to obtain the experimental data on the behavior of the proton electric, GE(Q
2), and
magnetic, GM (Q
2), form factors (Saks form factors) and to analyze the electromagnetic structure of the proton,
the electron–proton elastic scattering has been used. For the case of the unpolarized electrons and protons, all
experimental data on the proton form factors were obtained with the Rosenbluth formula [1] corresponding to the
differential cross section of the elastic ep→ ep process,
σ =
dσ
dΩ
=
α2E′e cos
2(θe/2)
4E3e sin
4(θe/2)
1
1 + τ
(
G2E +
τ
ε
G2M
)
. (1)
Here, τ = Q2/4M2, where M is the proton mass and Q2 = −q2 = 4EeE′e sin2(θe/2); Ee and E′e are the energies
of the initial and final electrons, respectively; θe is the electron scattering angle in the rest frame of the initial
proton; and the degree of the transverse (linear) polarization of a virtual photon, ε, is determined by the expression
ε−1 = 1 + 2(1 + τ) tan2(θe/2).
According to the Rosenbluth formula, the leading contribution to the ep → ep cross section for high Q2 values
comes from the term proportional to the proton magnetic form factor squared G2M (Q
2); therefore, the accuracy of the
separation of the G2E(Q
2) contribution decreases. For this reason, the use of the Rosenbluth formula for experimentally
determining the form factors GE(Q
2) and GM (Q
2) gives significant uncertainties at Q2 ≥ 1 GeV 2.
Note that Rosenbluth formula (1) valid in the laboratory reference frame, where the initial proton is at rest, is
naturally represented as the sum of two terms proportional to the squares of the Saks form factors, G2E and G
2
M ,
σ = σ↑↑ + σ↑↓, σ↑↑ = κG
2
E , σ↑↓ = κ
τ
ε
G2M . (2)
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2Here, κ is the factor in front of the parentheses in Eq. (1). However, the physical meaning of these terms is not
explained in the literature and is unknown for most researchers. To elucidate the physical meaning of the terms σ↑↑
σ↑↓, the following simple consideration is sufficient. The scattering cross section disregarding the polarizations of the
initial and final protons can always be represented as the sum of the cross sections without and with the spin flip
of the initial proton, which should be fully polarized along a certain direction determined by the process kinematics.
Since the initial proton is at rest, this separated direction can be only the direction of the motion of the scattered
proton. Then, according to the commonly known additional reasonings (see, e.g., Eqs. (4.55) from [3] or Eqs. (8.55)
and (8.56) from [4]), in the Breit system of the initial and final protons, the matrix element of the proton current for
the case of the transition with change in helicity (without spin flip) is expressed only in terms of the electric form
factor GE , whereas the matrix element of the proton current for the case of the transition without change in helicity
(with spin flip) is expressed only in terms of the magnetic form factor GM . Thus, the terms σ↑↑ and σ↑↓ in Eq. (2)
are the cross sections without and with the spin flip for the case where the initial proton is fully polarized in the
direction of the motion of the final proton. Below, we demonstrate that our simple physical consideration is based on
rigorous mathematical results obtained using the approach of the diagonal spin basis [5, 6]. Since the cross sections
without and with the proton spin flip in Eq. (2) are expressed only in terms of one of the Saks form factors, they can
be attractable for performing direct experiments on their measurement and acquiring new independent data on the
behavior of G2E and G
2
M as functions of Q
2.
Akhiezer and Rekalo [7] proposed a method for measuring the ratio of the Saks form factors that is based on the
polarization transfer from the longitudinally polarized initial electron to the final proton and is independent of the
Rosenbluth technique. In [7], it was shown that the ratio of the degrees of the longitudinal, Pl, and transverse, Pt,
polarizations of the scattered proton is proportional to the ratio of the proton electric and magnetic form factors:
Pl
Pt
= −GM
GE
Ee + E
′
e
2M
tan
(
θe
2
)
. (3)
The experiments based on the method of the polarization transfer from the initial electron to the final proton were
recently performed with high accuracy by the Bates [8] and JLAB [9] Collaborations. They gave surprising re-
sults according to which GE(Q
2) decreases with an increase in Q2 faster than GM (Q
2)) does; this contradicts the
data acquired by means of the Rosenbluth technique according to which GE(Q
2) and GM (Q
2)) up to several GeV2
approximately follow the dipole form and, hence, µpGE(Q
2)/GM (Q
2) ≈ 1.
In this work, we propose a new independent method for measuring the squared Saks form factors. In this approach,
they can be determined separately and independently by direct measurements of the cross sections without and with
spin flip of the initial proton, which should be at rest and fully polarized in the direction of the motion of the scattered
proton. For the case of the partially polarized initial proton, we propose measuring the ratio of these cross sections,
which makes it possible to determine the ratio of the squared Saks form factors. This is the aim of our work.
According to Eq. (2), when the initial and final protons are fully polarized, the ratio of the cross sections without
and with proton spin flip has the extremely simple form
dσ↑↑
dσ↑↓
=
ε
τ
G2E
G2M
. (4)
The simplest way for verifying the correctness of Eqs. (2) and (4) is to use the method for calculating the matrix
elements in the diagonal spin basis [6] [see Eq. (25)], which allows one to project the spins in the initial and final
states of the particles onto one common direction. The generalization of Eq. (4) for the most general case of the
partially polarized initial proton is given below [see Eq. (14)].
Our proposals are based on the results obtained in [5], where it was shown that the matrix elements of the proton
current in the diagonal spin basis that correspond to the transitions without and with proton spin flip are expressed
only in terms of the electric, GE , and magnetic, GM , Saks form factors, respectively. Note that our terminology for
the cross sections (amplitudes) with and without proton spin flip is not conventional, but has an absolute physical
meaning, because we choose one common direction of the spin projection for the initial and detected protons; this
direction coincides with the direction of the motion of the scattered proton.
The corresponding experiment on the measurement of the squared Saks form factors in the processes with and
without proton spin flip can be performed as follows. The initial proton at rest and detected proton should be
partially polarized along the direction of the scattered proton or in the opposite direction. Measuring the corresponding
differential cross section, one can determine the ratio of the squared Saks form factors. The proposed method can
be applied to the elastic muon–proton scattering and implemented in the COMPASS experiment. The mechanism
under consideration is also present in the radiative ep scattering. In the Bethe–Heitler kinematics, where the leading
contribution to the process cross section comes from two diagrams corresponding to the emission of a photon by an
electron, the above consideration for the elastic ep scattering remains applicable. The ratio of the squares of the proton
3electric and magnetic form factors can also be measured for the process of the photoproduction of lepton pairs on a
polarized proton in the Bethe–Heitler kinematics. In this work, we consider only the mechanism of the single-photon
exchange between the electron and proton. Our consideration is inapplicable for the two-photon exchange. However,
the contribution of the two-photon mechanism (caused by the interference of the amplitudes with the exchange by
one and two photons) is about 0.5% of the contribution from the single-photon mechanism.
Matrix elements of the proton current in the diagonal spin basis
In the Born approximation, the matrix element corresponding to the electron–proton elastic scattering,
e(p1) + p(p, a)→ e(p2) + p(p′, a′) (5)
where a and a′ are the polarization 4-vectors of the initial and final protons, has the form
Mep→ep = u(p2)γ
µu(p1) · u(p′)Γµ(q2)u(p) 1
q2
, (6)
Γµ(q
2) = F1 γµ +
F2
4M
( qˆγµ − γµqˆ ) , q = p ′ − p , (7)
with the mass-shell conditions p21 = p
2
2 = m
2 for electrons and p2 = p
′
2 = M2 for protons. The matrix elements of
the proton current corresponding to the transitions without and with spin flip,
(J±δ,δp )µ = u
±δ(p′)Γµ(q
2)uδ(p) , (8)
calculated in the diagonal spin basis [5, 6] can be expressed in terms of the Saks form factors,
GE = F1 − τF2 , GM = F1 + F2 , (9)
where F1 and F2 are the Dirac and Pauli proton form factors, respectively. The matrix elements of the proton current
given by Eq. (8) in the diagonal spin basis have the form [5, 6]
(Jδ,δp )µ = 2GEM(b0)µ , (10)
(J−δ,δp )µ = −2δM
√
τGM (bδ)µ , (11)
where
b0 = (p+ p
′)/
√
(p+ p ′)2 , b3 = q/
√
Q2 ,
(b1)µ = εµνκσb
ν
0b
κ
3b
σ
2 , (b2)µ = εµνκσp
νp
′κpσ1/ρ, (12)
bδ = b1 + iδb2 , δ = ±1 , b21 = b22 = b23 = −b20 = −1 .
Here, εµνρσ is the Levi-Civita tensor (ε0123 = −1), ρ is determined from the normalization conditions, and the set of
unit 4-vectors b0, b1, b2, b3 is an orthonormalized basis, b
∗
δ = b1 − iδb2.
Therefore, the matrix elements of the proton current in the diagonal spin basis that correspond to the transitions
without and with proton spin flip given by Eqs. (10) and (11) are expressed in terms of the electric, GE , and magnetic,
GM , form factors, respectively (see [5, 6]). In the Breit system of the initial and final protons, which is a particular
case of the diagonal spin basis, Eqs. (10) and (11) coincide with similar Eq. (4.55) from [3] and Eqs. (8.55) and (8.56)
from [4].
In the diagonal spin basis [5, 6], the spin 4-vectors a and a′ of the protons with the 4-momenta p and p ′ (ap =
a ′p ′ = 0, a2 = a
′
2 = −1), respectively, lie in the hyperplane formed by the 4-vectors p and p ′:
a = − (vv
′)v − v′√
(vv′)2 − 1 , a
′ =
(vv′)v′ − v√
(vv′)2 − 1 , v =
p
M
, v ′ =
p ′
M
. (13)
Spin 4-vectors (13) obviously remain unchanged under the transformations of the small Lorentz group common for
the particles with the 4-momenta p and p ′. Thus, the diagonal spin basis provides the description of the spin states
of the system of two particles by means of the spin projections onto one common direction. Note that this common
direction of the projection of the spins of the initial and final protons in the rest frame of the initial proton is the
direction of the motion of the final proton (see Appendix).
4The fundamental fact of the existence of the small Lorentz group common for the particles with the momenta p and
p ′ in the diagonal spin basis gives rise to a number of remarkable features. First, the particles with the 4-momenta
p (before interaction) and p ′ (after interaction) in the diagonal spin basis have common spin operators. This makes
it possible to separate the interactions with and without change in the spin states of the particles involved in the
reaction in the covariant form and, thus, to trace the dynamics of the spin interaction. The spin states of massless
particles in the diagonal spin basis coincide up to sign with helical states [6]; in this case, the diagonal spin basis
formalism is equivalent to the CALKUL group method [10].
Generalization of the diagonal spin basis to the case of partially polarized protons
The general expression for the ratio of the cross sections for the ep→ ep process without and with spin flip for the
partially polarized initial and final protons has the form (see Appendix for details of the derivation):
dσ↑↑
dσ↑↓
=
G2E(1 + η) + (τ/ε)G
2
M (1− η)
G2E(1− η) + (τ/ε)G2M (1 + η
, η = λλ′. (14)
where λ and λ′ are the degrees of the polarization of the initial and final protons in the direction of the motion of the
final proton (λ, λ′ ≤ 1).
For the peripheral processes of the radiative electron proton–scattering and production of pairs by a photon on a
polarized proton at high energies, we can set ε = 1. In this approximation, relation (14) is valid not only for the
elastic process ep → ep, but also for the ep → epγ and γp → ee¯p – processes (see below). To separate elastic events
on a proton, it is necessary to measure the spectrum of elastic electrons in the radiative ep scattering or distribution
over the fraction of the energy of the component of a pair produced in the photoproduction process.
Let us consider the radiative electron–proton scattering
e(p1) + p(p, a)→ e(p2) + p(p′, a′) + γ(k, e) , (15)
where a and a′ are the polarization 4-vectors of the initial and final protons, respectively, and e is the polarization
4-vector of the photon such that ap = a′p′ = ek = 0. In the peripheral (Bethe–Heitler) kinematics specified by the
relations
se = 2p1p >> Q
2 = −q2 = −(p− p′)2 ∼M2, (16)
the matrix element of process (15) has the factorized form (this is easily shown using the Gribov identity [11]):
Me = 2se
(4πα)3/2
q2
NeN
e
p , (17)
where
Nep =
1
se
u¯(p′, a′)pˆ1
(
F1(q
2)− 1
2M
F2(q
2)qˆ
)
u(p, a),
Ne =
1
se
u¯(p2)
(
pˆ
pˆ2 − qˆ +m
d2
eˆ+ eˆ
pˆ2 − qˆ +m
d2
pˆ
)
u(p1).
Similar expressions can be written for the matrix element for the production of pairs by a photon on a polarized
proton:
γ(k, e) + p(p, a)→ e+(p+) + e−(p−) + p(p′, a′) . (18)
In the Bethe–Heitler kinematics,
sγ = 2kp >> Q
2 ∼M2,
the matrix element of process (18) has the form
Mγ = 2sγ
(4πα)3/2
q2
NγN
γ
p , (19)
5where
Nγp =
1
sγ
u¯(p′, a′)kˆ
(
F1(q
2)− 1
2M
F2(q
2)qˆ
)
u(p, a),
Nγ =
1
sγ
u¯(p−)
(
pˆ
kˆ − pˆ+ +m
d+
eˆ+ eˆ
pˆ− − kˆ +m
d−
pˆ
)
v(p+) .
Calculating the squared absolute values of the matrix elements of the proton current, |Nep |2 and |Nγp |2, for processes
ep→ epγ (15) and γp→ ee¯p (18) without and with spin flip, we arrive at the same expressions
|Nep (a,±a′)|2 = |Nγp (a,±a′)|2 = 4G± ,
G± =
1
2(1 + τ)
(
G2E(1± η) + τG2M (1 ∓ η)
)
.
Averaging and summing the expression for |Ne|2 over the spin states of the electrons and photon, we obtain∑
|Ne|2 = 4De,
De = x(1 − x)2
(
Q2(1 + x2)
d1d2
− 2m2x( 1
d1
− 1
d2
)2
)
,
where
d1 = m
2(1 − x)2 + ~p 22 ,
d2 = m
2(1 − x)2 + (~p2 + ~q(1− x))2,
and x is the energy fraction carrying by the scattered electron, ~p2 is the momentum component transverse to the
electron beam, and ~q is the transverse momentum component transferred to the proton.
Finally, averaging and summing the expression for |Nγ |2 over the spin states of the components of a pair and the
photon for γp→ ee¯p process (18), we obtain∑
|Nγ |2 = 4Dγ ,
Dγ = x+x−
(
Q2(x2+ + x
2
−)
d+d−
+ 2m2x+x−(
1
d+
− 1
d−
)2
)
,
where x− and x+ are the energy fractions carried by the electron and positron (x+ + x− = 1), respectively; d± =
~p 2± +m
2; and ~p− and ~p+ are the transverse momenta of the components of the pair (~p− + ~p+ = ~q).
Relation (14) is valid for processes ep → epγ (15) and γp → ee¯p (18), because the differential cross sections for
these processes in the Bethe–Heitler kinematics have the form
dσep→epγ (a,±a′) = 2α
3
π2(Q2)2
DeG±
d2qd2p2dx
x(1− x) , (20)
dσγp→ee¯p(a,±a′) = 2α
3
π2(Q2)2
DγG±
d2qd2p−dx−
x−x+
. (21)
The integration of differential cross section (20) with respect to the transverse momentum of the final electron yields
dσep→epγ
dQ2dx
(a,±a′) = 2α
3
(Q2)2
G± × [[τ1(1 + x2) + x]R(τ1)− x] , (22)
where τ1 = Q
2/m2 and
R(z) =
1√
z(1 + z)
ln(
√
1 + z +
√
z) . (23)
A similar expression for the cross section for the photoproduction of pairs on the proton has the form
dσγp→ee¯p
dQ2dx−
(a,±a′) = 2α
3
(Q2)2
G± × [[τ1(x2+ + x2−)− x+x−]R(τ1) + x+x−] . (24)
The details of the ep→ ep kinematics in the rest frame of the initial proton are discussed in the Appendix.
6Conclusion
Direct relations between the ratio of the squared proton form factors and the ratio of the cross sections for the
processes without and with proton spin flip have been obtained in the diagonal spin basis approach. Similar relations
for the radiative electron–proton scattering and photoproduction of pairs on a polarized proton exist in Bethe–Heitler
kinematics. We emphasize that, in view of Eqs. (10) and (11) for the matrix elements of the proton current in the
diagonal spin basis, the differential cross section for the elastic scattering of the electron on the fully polarized proton
without proton spin flip is expressed only in terms of the square of the electric form factor GE(Q
2), whereas the
differential cross section for the process with proton spin flip is expressed only in terms of the square of the magnetic
form factor GM (Q
2) for any square of the momentum transferred to the proton. For this reason, the experiment on
the measurement of the cross sections for the process on the fully polarized proton without and with proton spin flip
would have a number of features as compared to the Rosenbluth method, which is applicable only for low Q2 values,
and the method of the polarization transfer from the initial electron to the final proton [7]. To carry out such an
experiment, the initial proton at rest should be fully polarized in the direction of the motion of the scattered proton.
Such an experiment would provide new independent data on the behavior of the form factors G2E(Q
2) and G2M (Q
2)
and assist to resolve the contradiction appearing after the know experiment of the JLab collaboration [9].
Appendix
Kinematics of the Elastic Process in the Laboratory Reference Frame
In the laboratory reference frame where the initial proton is at rest, p = M(1, 0, 0, 0), the polarization 4-vectors a
and a′ of the initial and final protons, respectively, in the diagonal spin basis given by Eqs. (13) and the 4-momentum
of the final proton p ′ have the form
a = (0,~a) = (0, ~n), a′ =
1
M
(p,E′~n) ,
p ′ = (E′, p~n), E′ =M(1 + 2τ), p = 2M
√
τ(1 + τ),
where ~n is the unit vector along the direction of the motion of the final proton. Thus, the spin 4-vectors of the diagonal
spin basis for the initial and final protons are defined so that the axes of the spin projections of the protons in the
laboratory reference frame under consideration coincide and are directed along the momentum of the final proton:
~a = ~n. In this case, the spin state of the final proton is helical. The 4-momentum of the initial electron has the form
p1 = Ee(1, 0, 0, 1).
Calculating the convolution I = LµνPµν of the lepton,
Lµν = pµ1p
ν
2 + p
ν
1p
µ
2 + q
2gµν/2 ,
and proton,
Pµν =
1
4
Tr(pˆ′ +M)(1− γ5aˆ′)γµ
(
F1 − qˆ 1
2M
F2
)
(pˆ+M)(1− γ5aˆ)γν
(
F1 + qˆ
1
2M
F2
)
,
tensors and using the kinematic relations
(aa′) = −1− 2τ, (ap′)(a′p) = −4M2τ(1 + τ),
(ap′)(ap1) = τ [2M
2(1 + 2τ)− s] ,
(ap1)(a
′p) = −2M(E +M)τ,
(ap1)(a
′p1) =
τ
1 + τ
(E +M)[−E +M(1 + 2τ)] ,
we arrive at result (4). To generalize the diagonal spin basis to the case of the partially polarized states of the initial
and final protons and to derive the corresponding general expressions for the ratio of the cross sections without and
with proton spin flip, it is necessary to change a→ λa and a ′ → λ ′a ′, λ, λ′ ≤ 1. As a result, we obtain Eq. (14).
The energy and 3-momentum of the recoil proton in the laboratory reference frame are expressed in terms of its
scattering angle with respect to the direction of the motion of the initial electron θp (see [12]) as
E′
M
=
1 + cos2 θp
sin2 θp
,
p
M
=
2 cos θp
sin2 θp
.
7The use of the matrix elements of the proton current given by Eqs. (10) and (11) reduces the calculation of the
probability of the ep→ ep process to the calculation of the trivial trace
| T |2= 4M
2
q4
1
8
∑
δ
Tr
(
G2E(pˆ2 +m)bˆ0(pˆ1 +m)bˆ0 + τG
2
M (pˆ2 +m)bˆδ(pˆ1 +m)bˆ
∗
δ
)
.
As a result, we arrive at the following expression coinciding with the result presented in [1]:
dσ =
α2do
4w2
1
1 + τ
( G2E YI + τ G
2
M YII )
1
q4
, (25)
YI = (p+q+)
2 + q2+q
2, YII = (p+q+)
2 − q2+(q2 + 4m2) ,
p+ = p1 + p2 , q+ = p+ p
′ ,
where do is the solid angle element and w is the total energy in the center-of-mass system.
The ratio of the cross sections for the processes without and with proton spin flip is given by the expression
dσ↑↑
dσ↑↓
=
YI
τYII
G2E
G2M
. (26)
In the rest system of the initial proton, neglecting the electron mass, we obtain Eqs. (2) and (4).
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